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Polynomial Dim. Decomposition (Rahman, 2008)

Input X ∈ R
N →

MATH
MODEL

→ Output y(X) ∈ R

X ∼ (Ω,F ,P); y ∈ L2(Ω,F ,P)

ANOVA Dimensional Decomposition

y(X) =
∑

u⊆{1,··· ,N}

yu(Xu)

PDD

y(X) := y∅ +
∑

∅6=u⊆{1,··· ,N}

∑

j|u|∈N
|u|
0

j1,··· ,j|u| 6=0

Cuj|u|ψuj|u|(Xu)

ψuj|u|
(Xu) → product of univariate orthonormal polynomials

y∅ :=

∫

RN

y(x)fX(x)dx; Cuj|u|
:=

∫

RN

y(x)ψuj|u|
(xu)fX(x)dx
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PDD Approximation

S -variate, mth-order PDD Approximation

ỹS ,mS
(X) = y∅ +

∑

∅6=u⊆{1,··· ,N}
1≤|u|≤S

∑

j|u|∈N
|u|
0

,‖j|u|‖
∞

≤mu

j1,··· ,j|u| 6=0

Cuj|u|ψuj|u|(Xu )

An Example (S = 2)

ỹ2,m2
(X)=y∅ +

N
∑

i=1

mi
∑

j=1

Cijψij (Xi) +

N
∑

i1<i2

mi1i2
∑

j2=1

mi1i2
∑

j1=1

Ci1i2j1j2ψi1j1(Xi1)ψi2j2(Xi2)

How to select truncation parameters: S , mu?

Given S , mu , terms of all interaction order may not be
needed
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Global Sensitivity Analysis

Sensitivity Indices for ∅ 6= u ⊆ {1, · · · ,N } and mu

Su,mu :=

∑

j|u|∈N
|u|
0

,‖j|u|‖∞
≤mu

j1,··· ,j|u| 6=0

C2

uj|u|

∑

∅6=u⊆{1,··· ,N}
1≤|u|≤S

∑

j|u|∈N
|u|
0

,‖j|u|‖∞
≤mu

j1,··· ,j|u| 6=0

C2

uj|u|

△S̄u,mu =
Su,mu − Su,mu−1

Su,mu−1

Adaptive PDD

ỹ(X) = y∅ +
∑

∅6=u⊆{1,··· ,N}
Su,mu>ǫ1

∑

j|u|∈N
|u|
0

,‖j|u|‖∞
≤mu

j1,··· ,j|u| 6=0

△S̄u,mu>ǫ2

Cuj|u|ψuj|u|(Xu)



INTRODUCTION ADAPTIVITY EXAMPLE CONCLUSIONS

Coefficient Calculation

Dim.-Reduction Integration (Xu and Rahman, 2004)

ŷR(x ) =

R
∑

k=0

(−1)k
(

N − R + k − 1
k

)

∑

u⊆{1,··· ,N}
|u|=R−k

y(xu , c−u)

Cuj|u|
∼=

R
∑

k=0

(−1)k
(

N−R+k−1
k

)

∑

u⊆{1,··· ,N}
|u|=R−k

×

∫

R|u|

y(xu , c−u )ψuj|u|(xu)fXu
(xu )dxu
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Coefficient Calculation

Dim.-Reduction Integration (Xu and Rahman, 2004)

ŷR(x ) =

R
∑

k=0

(−1)k
(

N − R + k − 1
k

)

∑

u⊆{1,··· ,N}
|u|=R−k

y(xu , c−u)

Cuj|u|
∼=

R
∑

k=0

(−1)k
(

N−R+k−1
k

)

∑

u⊆{1,··· ,N}
|u|=R−k

×

∫

R|u|

y(xu , c−u )ψuj|u|(xu)fXu
(xu )dxu

Highly efficient when R = S ≪ N (also convergent)

Polynomial complexity; 1D or 2D integration for univariate or
bivariate approximation
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Coefficient Calculation

Nested Quadrature Rule

y(xu , c−u) ∼=
∑

j|u|∈N
|u|
0

,‖j|u|‖
∞

≤nu

j1,··· ,j|u| 6=0

φj|u|(xu)y(x
(j |u|)
u , c−u)

Function evaluations can be reused as integration points increase
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Flowchart
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FGM (SiC-Al) Plate Modal Analysis (N = 34)

Random Input

Particle Vol. Fraction (Beta RF)

φp(x) ∼= F−1
p

[

Φ

(

28
∑

i=1

Xi

√
λiψi(x)

)]

µp(x) = 1− x/L
σp(x) = (1− x/L)x/L
Γα(τ ) = exp[−|τ |/(0.125L)]

Constituent Mat. Prop. (RVs)

E (x) ∼= Epφp(x) + Em [1− φp(x)]
ν(x) ∼= νpφp(x) + νm [1− φp(x)]
ρ(x) ∼= ρpφp(x) + ρm [1− φp(x)]

Ep ,Em , νp , νm , ρp , ρm → 6 LN variables

X = {X1, · · · ,X34}T ∈ R
34

Coeff. calc. by dim.-red. integration

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

W = 1 m  

L = 2 m 

t = 10 mm 

x 
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Marginal Distributions of Frequencies
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Crude Monte Carlo (50,000 FEA)
Univariate PDD (205 FEA, m = 6)
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Bivariate PDD (20,401 FEA, m = 6)
Adaptive PDD (3,873 FEA)
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Joint Densities of Frequencies
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MCS

Univariate PDD

Bivariate PDD

Adaptive PDD

Method FEA

Univariate PDD 205

Bivariate PDD 20,401

Adaptive PDD 3,873

MCS 50,000
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Conclusions

An adaptive algorithm for PDD developed

Global sensitivity indices employed to retain component
functions

Adaptive PDD is significantly more efficient than full
bivariate PDD
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