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e Dimensional Decomposition (Hoeffding, 1948)
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S-variate approximation of y(x)
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o Existing Component Functions (Xu/Rahman)
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T'wo Wenknesses:
¢ Arbitrary selection of reference point (c¢)

¢ Arbitrary selection of sample points (:c(g))
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e Orthonormal (ON) Polynomial Basis
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PROPOSED METHOD

e (Classical Orthogonal Polynomials

Hermite Legendre Jacobi'®
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a>-—1, 0>-1
Support, [a, b] [—00, +] [—1, +1] [—1,+1]
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function, w(x)
Probability exp(—2?%/2) 1 L(a+3+2)(1—x)%(1+z)P
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PROPOSED METHOD

e Fourier-Polynomial Expansions
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e Polynomial Dimensional Decomposition
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¢ S-variate polynomial decomposition of y(X)

$ Surrogate of the exact map y: RY - R

¢ Converges (m.s.) to y(X) asm - o0, S —> N
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e Formulation of Coefficients
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e Dimension-Reduction Integration
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Xu & Rahman, IJINME (2004)

¢ Consists of all terms of the Taylor series of y(x)
that have less than or equal to R variables

{»> Residual error contains terms of dimensions
41 and higher

$ For R << N, an ¥-dim. integral can be efficiently
estimated from an A-dim. integration
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e Dimension-Reduction Integration
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When R =1, 2, or 3, the above equations require one-, at most
two-, and at most three-dimensional integrations, respectively




2 PROPOSED METHOD
e Computational Effort

N = No. of random variables

n = No. of integration points

Approximation  No. of Function Evaluations Cost Scaling

Univariate nN +1 Linear
Bivariate N(N —1)n?/24+nN4+1 | Quadratic
k=9
S-variate Z (M) n7 % Sth degree
k=0

Cost increases polynomically, not exponentially




s EXAMPLES
e A Cubic Polynomial
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All coefficients calculated by exact numerical integration




E EXAMPLES
e Tail Probabilities

L =108

Uniform-Legendre
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EXAMPLES

e Tail Probabilities
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EXAMPLES

e Piezoelectric Transducer

!
Ceramic : 12.5 mm
|
bk - o —— -
I
| Electroded
| surfaces 12.5 mm
|
|| i | |
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Brass cap

A

Ceramic | ||
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Statistical properties of Input

Coefficient of

Random variable  Propertvi® Mean .
variation
Xl: GPa .D1111 115.4 0.15
Xg, GPa D1122_. D1133 71.28 0.15
Xs. GPa D22, Dagas 139 0.15
X_;, GPa D2233 77.84 0.15
‘Y_:',. GPa D]glg. D2323.D1313 25.64 0.15
Xg. Coulomb/m?  e-q; 15.08 0.1
X;. Coulomb/m?  €:92.€133 -53.207 0.1
Xg, Coulomb;’mz' £212. €313 12.71 0.1
Xg. nF /m Dy; 5.872 0.1
X10- IlF,"IIl Dog. Dag 6.702 0.1
Xq1. GPa Ey 104 0.15
X12 vy 0.37 0.05
Xi3. g/m® O 8500 0.15
X14. g/m3 e 7500 0.15

{a} Dy are elastic moduli of ceramic: e; ;1 are piezoelectrie coupling constants
of ceramic: D;; are dielectric constants of ceramic: Ej. vy. pp are elastic

modulus, Poisson's ratio, and mass density of brass: g, is mass density of ceramic

m=3,n=4, N=14, L = 10°
All coefficients calculated by S-dim. integ.
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e A Few Mode Shapes (Mean Input)
Mode 1 (19.75 kHz) Mode 2 (42.9 kHz) Mode 3 (60.7 kHz)

11 ]
AT

Mode 4 (66.7 kHz) Mode 5 (92.03 kHz) Mode 6 (100.32 kHz)




EXAMPLES

e Marginal Distributions of Frequencies
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PDD: Univariate (43 FEA); Bivariate (862 FEA)
Crude MCS (5000 FEA)




e Joint Distributions of Frequencies

0025y G kT T T 0,025,
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Bivariate PDD (862 FEA) Crude MCS (5000 FEA)

EXAMPLES [(~)




CONCLUSIONS/FUTURE WORK LD

A new polynomial dimensional decomposition
method was developed

» Decomposition with increasing dimensions
» Fourier-polynomial expansions
» Innovative dimension-reduction integration

No sample points required; yet, generates
convergent approximations

Accurate with modest computational effort
Future work: Time-variant problems, arbitrary

probability measures, discontinuous & non-
smooth responses, etc.




