RELIABILITY-BASED DESIGN OPTIMIZATION OF LARGE-SCALE
COMPLEX SYSTEMS

INTRODUCTION

e What is RBDO?

min ho(0) := Beg [yo (X)],
subject to hi(0) == Po [ X € Qp ] <pr; k=1,--- | K

0 c D CRM — M-dim. design vector; Q F.r — fallure domain
X € RV — N-dim. input random vector ~ fx(z;0)

Bo : fx = R; Py : fx — [0,1]; yx(x) — performance function

Type Failure Domain Application

Component Qp ,:={z: y(x) < 0} Single failure event

Series System Qr g i=4o: yIEQ) (z) < 0} Union of failure events

Parallel System | Qp ;= {z: y]gq)(:c) < 0}

Intersection of failure events

I qe

General System | Qp ;= {x: ﬂ y,EQ)(a:) < 0} | Certain comb. of fail events

INTRODUCTION

Project Goal

Create new theoretical foundations and numerical algorithms of
RBDO methods for large-scale design optimization of complex
engineering systems

Project Objectives

@ Develop new extended polynomial dimensional
decomposition (X-PDD) method for reliability analysis of
high-dimensional complex systems (Year 1)

e Integrate X-PDD and score functions for concurrent design
sensitivity analysis (Year 2)

e Develop fast and efficient reliability-based and robust
design optimization algorithms (Year 3)

(Project started in April 1, 2010)

NEW X-PDD METHOD

e Dimensional Decomposition (Hoeffding, 1948)

Input X € RY — — Output y(X) € R

(Q,F) S RY, BY) % (R, B)
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S — variate approximation of y(X)

NEW X-PDD METHOD

@ Measure-Consistent ON Polynomial Basis

X = {Xl,--- ,XN}T; indep.; X; Nfz(%) on (Qz',Fi;Pz')

Lo(82;, F5, Py) = {yz(ﬂ%) ; f y? () fi( @) do; < OO}
. ~ - R

Hilbert space

{ij(x;); 7 =0,1,---} = a set of ON bases in Lo(€2;, Fi, P;)

Two Important Properties of ¢, (X;):

1, itj=0
[%3 /wm ZI; fz xz)dxz —{ 0, if j # 0
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NEW X-PDD METHOD

@ Three-Term Recurrence Relation (OG Polynomials)

T j+1(Zi) = (2 — aig) Ty (@) — biymij—1(2i); Vi (@) == 735/ |75 4,

Measure(®)

Gaussian (Hermite)

Uniform (Legendre) 4_;-2)
— j_

Exponential (Laguerre) 274+ 1 =

Gamma (Gen. Laguerre) 2] +a+1 i(i + o)
N ey 8
(8% — o®) (27 - £ )2
(2 +a+8)(2+a+B+2) ke &)
(25 + o + B)2 — 1]
exp [2‘# 1+ 52(35 — 2)] x

Beta (Jacobi)

= 1 ) .
oxp [+ 222~ 1]
exp(j&?) [exp(2) + 1] — 1 [en(5%) ~ 1]
jr(v —i+1)

v — 2 v—2742
2J(V§ + 2 331(2)(1/2 — 23')+ 2)

(v2 — 4j)(va — 45 + 2)2
y (va/v1)?(v1 + v2 — 2§)

(v — 45 +4)

Lognormal (7)

Student’s ¢t (7) 0

(viva + 2v1 + 4jva — 852) X
Fisher’s F' (7) vo /11

(va —4j — 2)(v2 —4j + 2)

(a) For arbitrary measures, Stieltjes procedure was used to calculate a;;, b;;

NEW X-PDD METHOD

@ Measure-Consistent (Gauss Quadrature Formula
(Golub & Welsch, 1969)

fR gz 51:2 dF 372 fR gz Z; fz(xz dﬂ?z Zw(j)gz (j)) + Rm(gz)
7=1

[ a0 bin 0 0
bi1  ai bio 0
0 bio ai2 Vb3
0 .

bi.n—2

@ Possesses algebraic degree of exactness 2n — 1

@ Obtaining eigensolutions of the Jacobi matrix is trivial

NEW X-PDD METHOD

e S-variate, m-th order PDD Approximation
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NEW X-PDD METHOD

@ Dimension-Reduction Integration for Coefficients

i(_l)k(N—R;k—l) i ’

k=0 1, 5tp—k=1;11 <---<tp—g
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o Highly efficient when R < N (also convergent)

@ When R =1, 2, or 3, requires one-, at most two-, and at
most three-dimensional integrations, respectively

NEW X-PDD METHOD

@ Second-Moment Statistics

E [ys(X)]

E [5(X) — y0]°

N m m
Z § : : : 1 Zs]l js
11 5 =/ls7 7 =1

s=1 1< <18 J

o Probability of Failure (Reliability)

Pg [X = QF,I.q] = Pg [X € Qp,k] = lim Z[~ (l)

L—oo L

Q r = S-variate PDD approximation of €1z j

z(!) = Ith sample of X I (x) = indicator function
F.k

e First two moments provide exact or convergent solutions

e Higher-order moments can be derived, but are less simple

NEW X-PDD METHOD

e Computational Complexity

N = no. of random variables; n = no. of integration points

Approximation No. of Func. Eval. Cost Scaling
Univariate (S = 1) niN + 1 Linear

|

Bivariate (S =2) | N(N —1)n?/2+ nN +1 Quadratic

S-variate ( SJX k) nS—k Sth degree
k=0

@ For non-trivial estimates of expansion coefficients, R > S

@ Cost increases polynomically, not exponentially

|

RESULTS

¢ Example 1: A Polynomial Function

y(X) =500 — (X1 + X2)3+ X1 — Xo — X3+ X1 X0 X3 — X4

Proposed Method Existing Method
]00 =
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All coefficients calculated by exact num. integration

RESULTS

o Example 2: Leverarm Stress Analysis

Mean

507.69 76.15
1517.32  227.60
203 10.15
0.3 0.015
-5 5/V3

5 5//3 U

5 5/3 U

-5 5/v/3 U

All coefficients calculated
by dim.-red. integration

—
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RESULTS

e Second-Moment Properties of Stresses

Univariate PDD Bivariate PDD Crude MCS
Mean S.D. FEA Mean S.D. FEA Mean S.D.
(a) Maximum von Mises stress (0c max), MPa
510.51 132.68 25 510.53 132.88 277 513.87 134.00
510.51 132.68 33 510.57 132.92 481

(b) Maximum largest principal strain (€ max), percent
0.253  0.065 25 0.253  0.065 277 0.254  0.065
0.253 0.065 33 0.253 0.065 481

Computational Cost

Univariate PDD (25-33 FEA); Bivariate PDD (277-481 FEA);
Crude MCS (5000 FEA)

RESULTS

e Probability Distributions of Stresses

Monte Carlo Monte Carlo

800 1000 0.000  0.001 0.002  0.003  0.004

€, mm/mm

l.max

Computational Cost

Bivariate PDD (481 FEA); Crude MCS (5000 FEA)

CONCLUSIONS

A new X-PDD method was developed for
stochastic analysis of high-dimensional systems

e Hierarchical decomposition with increasing dimensions
e Fourier-polynomial expansions of component functions
e Dimension-reduction integration for calculating coefficients

No sample points were required; yet, generates
convergent approximations

Provides analytical formulae for statistical moments

Predicts accurate tail probabilistic characteristics
(reliability) at modest computational effort
Computational complexity is polynomic; vitiates
curse of dimensionality to some extent

FUTURE WORK

@ Develop X-PDD method for reliability analysis of
high-dimensional complex systems (Year 1)

o ON basis & Fourier-polynomial expansions (completed)

e Dimension-reduction integration for calculating coeflicients
(completed)

o Enriched basis for non-smooth responses (ongoing)

@ Integrate X-PDD and score functions for
concurrent design sensitivity analysis (Year 2)

e Formulation of score functions
e Coupled score functions and X-PDD

e Develop fast and efficient reliability-based and
robust design optimization algorithms (Year 3)

e Special reliability-based design optimization
o General reliability-based design optimization
e Robust design optimization
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