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Design Under Uncertainty

Input X € RY — CS%I\éI’]I;‘)EE/IX — Output y(X) € R

X = (X1, - Xn) € RY ~ fx(x;d) — random variables

d=(d, - dy) € DCRM — design parameters

Deterministic
Constraint Boundary

A RDO Constraint

Boundary \
RBDO Constraint ” e
Boundary 0

d, A
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RDO

@ Problem Definition

min co(d) := w1 Eq [y0(X)] /1 + w2/ vara [yo(X)] /o5,

deDCRM
subject to  ¢;(d —alW Eqy(X)]<0;1=1,---,K,

dpp < dp < dpy, k=1,---, M

e Existing Methods for RDO

Taylor Series Expansion

Point Estimate Methods
Polynomial Chaos Expansion (PCE)
Tensor Product Quadrature (TPQ)
Others
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Polynomial Dimensional Decomposition(Rahman, 2008)

Input X € RV — Cs%hggﬁﬁx — Output y(X) € L2(R)

X; ~ fx,(w;d); indep.; vy, (Xosd) = TI0 4,5, (X3 d)
e Polynomial Dimensional Decomposition (PDD)

y(X) = y@(d) + Z Z Cu_]| | %| ‘(X’u’d)
0#ul{l, N} 5., enb
.7‘17"'7.j‘u|#0

e S-variate, mth-order PDD Approximation

@S,m(x) = yp(d) + Z Z UJ|u|( )@bmw(xuad)
w¢UC{1 N} N co<m
1<|u|<S Jju \6]1(3. ||]J‘| ,‘;!0

y@(d) = fRN y(X)fX(X; d)dX7 Cujm (d) = fRN y(X)i/)ujm (Xu; d)fx(x; d) dx
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Statistical Moments

o Two Important Properties of Polynomial Basis

Ea {wuj‘w(xu;d)} =0
Eq [wuj\u\(Xmd)wvj|v|(X“;d)} = { (1) g z 7:é 11j7

o Second-Moment Statistics

Ea [9s,m(X)] = yp(d)
varg [¥s,m(X)] = > > Cijw(d)

Pl N e e
=1%l= J1y ) 70
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Sensitivities of Statistical Moments

@ Score Functions

=sp,(zy,5d)
—_—f—
ddy, S )5 xbad)dx
Eq [y" (X)s(Xi,; d)]
(XZkv d ~ Sk (Z) + D%k,] wlk] i )
7=1

e Design Sensitivities

OEq [§s,m(X)] S

T od, = spo(d ZCZk] D, i(d)
OEq |53 (X) mmm

+5k,@(d)Vard[ys,m(X)] + T o
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Four New Methods

e Direct PDD (Global)

o Straightforward integration of PDD with gradient-based
optimization algorithms
e Re-calculation of the PDD expansion coefficients

e Single-Step PDD (Global)

e Single stochastic analysis by recycling PDD coefficients
e Premature design solutions for practical problems

e Sequential PDD (Global)
o Combination of single-step and direct-PDD
e More expensive than single-step PDD, but substantially
more economical than direct PDD

e Multipoint Single-Step PDD (Local)
o A succession of simpler RDO sub-problems
o Solution of practical problems using low-order and/or
low-variate PDD approximations
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Sequential PDD

‘ Step 1: Initialize; set d'¥ =d,,.

Step 2: At d =d'?, generate PDD and
Fourier-polynomial approximations of
repsonse and score functions.

L

Step 3: Solve the RDO problem —a+1
using the single-step PDD method. 4 ZI

No

Step 4: Converge?



Multi-Point Single-Step PDD

@ The RDO Subproblem

L@ Ea [357,,(%)] varg [, (X)]
min Sy g m (d) = w1 - + wo " s
dep(@Dcp 7 7 ol
bj 0 () = X X =1, . K
subject to cl,S,m( ) = ayy/varg yl S m( ) Ul S m( ) s , K,
aD g Dg y—dy /2 <dp <dD 48Dy —dy )2, k=1, M
k0 — By (dku — di,1)/2 < dip < dpg + B (di,u k,L)/2, k ) , M.

Single step PDD
'

Step 1 e; set dif’ =d,,

Contours of PDD

. !) approximation of co
stcpz At d =d|”, gencrate PDD and ‘ P
of N
repsonse and score functions. ‘
Y

- ~ Step 5: Interpolate to
obtain a new feasible
design; reduce
subregion size.

Multipoint step

ep 7: Is current design in
he increasing histor

r

No e Contours of co
|| Step 9: Solve the RDO by single- subregion and
step PDD method. modify increasing
history
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Optimization of a Mathematical Function

min c(d) = 7‘]&“ [50(X)]

deD
(d )—3\/vard y1(X)] — Ea [11(X)] <0,
1<d < 10,1§d2§10,
¥o(X) = (X1 —4)° + (X1 = 3)" + (X2 = 5)* + 10
Y (X) = X1 + X2 —6.45
Xi ~ Gaussian variables; d; = E[X;]

subject to ¢

Results Direct PDD  Single-Step PDD TPQ
df 3.3508 3.3508 3.4449
Elf 4.9856 4.9856 5.000
co(d*) 0.0756 0.0756 0.0861
c1(d*) -0.1873 -0.1599 -0.2978
No. of iterations 5 5 4
No. of yg evaluations 66 11 81

No. of y; evaluations 30 5 81
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Shape Optimization of a Three-Hole Bracket

20mm—~ 7 {5 0.170)

)\ \ F

150 mi
=3
E]
3
J

1<0

subject to  ¢1(d) = 3/ varg [11 (X)] — Eq [y1(X

yo(X) = pfz)/(x) dD'; y1(X) = Sy — O'e,maX(X>

X; ~ truncated Gaussian variables; d; = E[X,]



Results
o Optimal Bracket Designs

Univariate (m=1) Univariate (m=2)
(798 FEA) (1204 FEA)

Univariate (m=3) Bivariate (m=1)
(1332 FEA) (6357 FEA)
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Shape Optimization of a Lever-Arm

Two lever

arms

X
min ¢y(d) =0.5 Ea [y0(X)] +0.5 vara [go(X)] ,
deD Eq, [30(X)] Vardo [y (X)]
subject to  ¢1(d) = 3y/varg [11(X)] — Eq [11(X)] <0

yO(X> = pr/(X) dD/7 yl(X) = lel’l(X) - Nc

X; ~ truncated Gaussian variables; d; = E[X;]
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Results

o Fatigue Life Contours at Design Iterations

Iteration 1 Iteration 3

Iteration 15
(optimum)

Iteration 9

e Optimal mass: 1263 kg (79% reduction of initial mass)
o Required 15 iterations and 675 FEA




Results

o RDO Design Histories
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Conclusions and Future Work

Conclusions

e Four new methods for RDO of complex systems

e Novel integration of PDD and score function for calculating
probabilistic responses and sensitivities simultaneously

e Capable of solving practical problems using low-order or
low variate PDD approximations

Future Work

o Integration of PDD and subset simulation for calculating
failure probability

e Component- and system-level RBDO
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